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Linear transformation equations are derived which relate the crystallographic directions of paths 
uniquely to their angles of inclination and azimuth in any crystal plate of known orientation. 

Whenever  linear a r rays  of any  type  t ha t  occur within 
or on the surface of crystals, such as electrical break- 
down paths,  crystal  intergrowths,  slip lines, etc., are 
to be correlated with the atomic s t ructure  of the  
crystal  or with the  crystal  morphology,  it is necessary 
to determine their  crystal lographic directions. More 
generally, problems in crystal  geometry  sometimes 
arise wherein it is desired to relate the crystallo- 
graphic directions uniquely to certain reference angles, 
as, for example, the determinat ion of all directions 
lying in a given plane t ha t  deviate  by the  variable 
angle ~ from some reference direction in t ha t  plane. 
In  this paper  linear t ransformat ion  equations are 
derived which yield the crystal lographic directions of 
pa ths  uniquely from their  angles of inclination and 
az imuth  in any  crystal  plate of known orientation, 
but  the equations are directly applicable to m a n y  
general problems of crystal  geometry.  

The orientat ion of a pa th  observed in a crystal  
plate is usually specified by the two angles 0 and 
which measure  its inclination and its az imuth respec- 
t ively. The inclination 0, Fig. 1, is the angle between 
the pa th  direction R 2 and the  normal  to the crystal  
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Fig. 1. The orientation of a path Rg. observed in a (h,k, lo) 
crystal plate is specified by the two angles 0 and ~0, which 
measure its inclination and its azimuth respectively. The 
inclination 0 is the angle between the path direction R~ 
and the normal to the crystal plate R0, while the azimuth 

is the angle, measured counterclockwise, between the 
surface projection S 1 of a known reference direction Rp 
and the surface projection S~ of the path. The problem is 
to refer the orientation of the path to the crystallographic 
axes. 

plate R 0, while the  azimuth ~ is the  angle, measured 
counterclockwise, between the surface projection $1 
of a known reference direction R 1, and the surface 
projection S~. of the path.  The angles 0 and ~ thus  
refer the orientat ion of the pa th  to a secondary set of 
orthogonaI axes consisting of the directions specified 
by the vectors R0, S 1 and R 3, where R 3 = R0xS1.  
The crystal lographic direction of a pa th  R~ is specified 
by  the parameters  [u~v~w2] which are the components 
of the pa th  upon the coordinate axes of the  crystal  
in units  of the  basic latt ice vectors a, b and c. 

The problem is to determine the  crystal lographic 
direction [u2vew~ ] of a pa th  R~ when the following 
information is given:  (1) morphological informat ion:  
(a) the  system of symmet ry ,  (b) the interaxial  angles, 
and (c) the axial ratios, of the  crystal ;  (2) specific 
informat ion:  (a) the  Miller indices (hokolo) of the surface 
plane of the  crystal  slice, which specify its orientation, 
(b) the parameters  [ulvlwl] which specify the crystallo- 
graphic direction of the  reference vector  RI, and (c) 
the angles 0 and ~0. The solution is as follows. 

A unit  vector specifying the pa th  direction has 
components  in the secondary reference system given by 

R2 Re Si 
cos 0 + i-~,1 sin 0 cos q) 

IR01 i x i  

R3 
+ ~ s i n  0 sin ~ ,  (1) 

where 
S~ = R ~ -  (R 1 • Re)Re/IRe] 2 (2) 

and 
R 3 = R  o × S  I = R  o × R  1 .  

Since any  vector  Rp has components  upon the  crystal- 
lographic axes given by~ 

t abc and a*b*c* are the basic lattice vectors in the direct 
and the reciprocal lattice respectively; the parameters [UpVpWp] 
are the components of the vector Rp in the direct lattice which 
specify its crystallographic direction; the parameters (hpkplp) 
are the components of Rp in the reciprocal lattice and are the 
Miller indices of the planes in the direct lattice that are 
perpendicular to Rp. For convenience these parameters and 
indices are expressed in the notation apiai where the conven- 
tion is used that a repeated dummy index occurring in a 
product implies the summation over the index, viz: 

Rp ---- apiai ---- aplal~ap2a2÷~p3% ---- upa÷vpb-~wpc. 
The (projection) vectors Sp are distinguished from the (parent) 
vectors Rp by being primed. Thus 

Sp -~ a~ia i = u~a W v~b-~ w~c . 
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Rp = U p a + v p b + w p c  = Ogpia i 

direct lattice 
(3) 

R v = h v a * + k v b * + l p c *  = o;pia i *  * 

reciprocal lattice 

equation (1) can be writ ten 

~2iai °¢°iai COS 0 
IR~I IRol 

t 

• ~ X l i a i  _ _ _ O g 3 i a i  + ~ s i n 0 c o s v ± ~ s i n 0 s i n v .  (4) 

Since R 3 = R  0 x S  t = R  0 × R  t a n d R  0_I_S t we have 

1 
~3iai = ~ I)et (ai, a~/,  0¢~/) , (5) 

where A = a . b × c  and 

IRa[ = [ R o l l S x l  = ] / { ( ~ 0 ~ * ) ( ~ ; ~ ; * ) }  • (6)  

Subst i tut ing (5) and (6) into (4) and setting IR~I = IRoI, 
which is acceptable since we are interested only in 
relative values of the components of R~, we obtain 
the crystallographic direction of the pa th  as 

IR01 
o~2i = a0i cos 0-t- 1-~, I sin 0 cos ~0o~1~ 

s in0s inq9  , , , , 
( 0 ~ 0 ] ~ l k - -  -t A ISt[ ~x0k~l/) (7) 

where i, j and k main ta in  the cyclical order or 1, 2, 
and 3. Transposing to parameter  form by means of 
equation (3), equat ion (7) becomes 

u~ = A uo + Bu~ + C ( kol t -  kilo) , 

v2 = Avo + Bv~ + C(loh 1 -  ltho) , (8) 
w.,. = A w  o + Bw~ + C (hok 1 -  htko) , 

where 
Vho o+koVo+ oWo . 

A = cos 0; B = s in0  cos~0 t h l u t + k t v ~ + l ~ w  ~ , 

and 
C = sin 0 sin c f /Al / (h~u~+k~v~+l~w~) .  

The parameters  tha t  are primed in equation (8) 
relate to the projection vector S t and not to the 
reference vector R 1. However, equation (2) shows tha t  
the parameters  of S t and R t are identical  for the usual 
case where R1 lies in the surface of the crystal plate. 
When Rt does not lie in the surface the values of the 
parameters  of Sx are given in terms of the parameters  
of R 1 and R 0 by the solution of equation (2), which 
yields ! ! 

u t  = u t - D u o ,  ht  = h t - D h o ,  
v~ = v t - D v  o, k~ = k t - D k  o , (9) 

t t 
wt  = w l -  Dwo, It = 1 1 - -  Dlo , 

where 
D = h ° u t + k ° v t + l ° W l  

ho uo + ko vo + lo wo " 

The t ransformation equations are applied to any  

crystal as follows: We are given the parameters  
(hokolo) and [ulvlwl]  of the vectors R 0 and R 1 but  
must  determine the related parameters  [UoVoWD] of R o 
and (hxklll) of R 1 which also enter the t ransformat ion 
equations. These are obtained by  solving the equations 

c ~  = a/-  ~pia i (10) 

in the appropriate symmet ry  system. The transforma- 
t ion equations are then  solved by  straightforward 
subst i tut ion of the parameters  and the evaluat ion 
of A. For example, let us determine the crystallo- 
graphic direction of a pa th  observed in a (010) slice 
of a monoclinie crystal. We are given tha t  the in- 
clination of the pa th  is 0 degrees and tha t  its azimuth,  
measured from the reference [100] direction is ~p 
degrees. The parameters  (h0ko/o) and [UxVtWt] are 
therefore given as (0!0) and [100]. To obtain the  
parameters  [U0VoW0] and (h tk t l l )  w e  m u s t  solve equa- 
tions (10) in the monoclinic system. Since for mono- 
clinic crystals a .  b = b .  c = 0 and  a .  c = ac cos }6, 
where }6 is the monoclinic angle and a - - l a l  etc., 
equations (10) yield 

hp = Upa 2 + wpac cos }6 , 

• k v = vvb2,  (11) 
lp = wpc ~ + upac cos }6. 

Thus the parameters  tha t  relate to the  orientation of 
the crystal  slice (hokolo) ; [UoVoWo] become (010); 
[0 1/b 9 0] and those relating to the da tum direction 
(htkl l l ) ;  [ulvtwt]  become (a 2 0 ac cos }6); [100]. Upon 
subst i tut ing these values into equations (9) we find 
tha t  D = 0; thus the parameters  of S t and R 1 are 
identical  in this case. Hence the parameters  of R t 
and R 0 can be applied directly to the t ransformat ion 
equations (8). Since the value of A = a - b × c  for 
monoclinic crystals is abe sin }6, equations (8) yield 
the crystallographic direction of the pa th  R~. as 

u~ = (c/a)(sin }6 cot 9~+cos fl) ,  
v~ = (c/b)(sin }6/tan 0 sin ¢ ) ,  (12) 

w 2 = - 1 . 

In  a similar manner  the crystallographic direction 
of any  path  in any  crystal plate of known orientation 
can be obtained uniquely.  More explicitely, equations 
(8) and (9) uniquely transform the specification of 
directions in crystals from two secondary reference 
directions R 0 and R 1 to the crystallographic axes. The 
t ransformation equations presented above do not entail  
any consideration of the angular  relationships be- 
tween the axes of the two coordinate systems. Thus 
they  are not subject to the errors tha t  can occur 
whenever the problem is solved by methods tha t  
demand a three-dimensional visualization of the co- 
ordinate systems and the calculation of direction 
cosines. 
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